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The Fisher information F gives a limit to the ultimate precision that can be obtained in a phase
estimation protocol. It has been shown recently that F cannot exceed the number of particles in
a linear two-mode interferometer if the input state is separable. This implies that with such input
states the shot-noise limit is the ultimate limit of precision. We extend this result by constructing
bounds on F for several multiparticle entanglement classes. We further compute similar bounds
on the Fisher information averaged over all possible linear interferometers F̄ . We show that these
criteria detect different sets of states and illustrate their strengths by considering several examples.
For instance, the criterion based on F̄ is able to detect certain bound entangled states. Finally, we
comment on the relation to bounds on the spin squeezing parameter for multipartite entangled states
obtained previously, pointing out the connection between the Fisher information, spin squeezing,
and multipartite entanglement.

PACS numbers: 03.67.-a, 03.67.Mn, 06.20.Dk, 42.50.St

I. INTRODUCTION

Entanglement is a distinguishing feature of quantum
theory that allows to perform several tasks better than
it is possible with classical means [1]. Therefore, it is
important to study the connection between the entangle-
ment of quantum states and the usefulness for specific
applications. One example of such a task is phase es-
timation as done in quantum interferometry [2], where
the connection between entanglement and phase sensi-
tivity has been investigated recently [3–6]. In general,
the structure of the set of entangled bipartite quantum
states is understood quite well, while the classification
and quantification of multipartite quantum states is less
developed [7–9]. In particular, if a mixed quantum state
ρ is given, it is typically a difficult question to answer how
many particles are entangled in the state [10–16]. Com-
monly applied criteria to distinguish between different
entanglement classes include entanglement witnesses [9]
and Bell inequalities [17–20]. Recently, other approaches
have led to criteria which can be evaluated directly from
elements of the density matrix [21, 22].

In this manuscript, we introduce two sets of novel cri-
teria which can distinguish between different entangle-
ment classes, which are deeply connected to phase esti-
mation. This extends the previous work on the connec-
tion between entanglement and phase sensitivity men-
tioned above. The criteria are based on the Fisher infor-
mation and linear two-mode interferometers. The first
set of criteria is based directly on the quantum Fisher
information, which is the optimum of the Fisher infor-
mation over all output measurements of the phase esti-

mation protocol [23]. We compute the optimal values for
different entanglement classes. The second set of crite-
ria is based on the quantum Fisher information averaged
over the direction of the interferometer to be defined be-
low. We show that the sets of states that the criteria
detect are different and not contained in each other. We
consider several examples in order to assess the strength
of the criteria. Finally, we comment on the relation of
the criteria to the spin squeezing parameter [24] and on
bounds thereof for multipartite entanglement classes ob-
tained in [25, 26].

The article is organized as follows. We start by intro-
ducing the basic concepts related to general phase estima-
tion protocols, linear two-mode interferometers, and the
classification of multiparticle entanglement in Section II.
Then we derive the entanglement criteria based on the
quantum Fisher information and on the average quantum
Fisher information in Section III, where we also make a
first comparison of the two. In Section IV, we apply the
criteria to several families of entangled states. Finally,
we investigate the relation to spin squeezing inequalities
in Section V. We conclude in Section VI.

II. BASIC CONCEPTS

In a general phase estimation scenario, an input state ρ
is transformed into the state ρ(θ) depending on a phase
shift θ. Then, a general positive operator valued mea-
surement (POVM) with elements {Êµ}µ is performed.
This procedure may be repeated m times, and based on
the results collected in the vector ~µ, the phase shift is
estimated by an estimator θest(~µ). If the estimator is
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unbiased, i.e., 〈θest〉 = θ, then its minimal standard de-
viation is limited by the Cramer-Rao bound [27, 28]

∆θest ≥
1√
mF

, (1)

where F is the Fisher information, which is defined as

F =
∑

µ

1

P (µ|θ) [∂θP (µ|θ)]2, (2)

where P (µ|θ) = Tr[ρ(θ)Êµ]. A maximum likelihood es-
timator saturates the Cramer-Rao bound in the central
limit, for a sufficiently large m [29]. In this sense, F
quantifies the asymptotic usefulness of a quantum state
for phase estimation if the phase transformation and the
output measurement are fixed. Maximizing F over all
possible POVMs leads to the so-called quantum Fisher
information FQ. If the phase shift is generated by an op-

erator Ĥ, and for a mixed input state ρ =
∑

k λk|k〉〈k|,
then it is given by [23]

FQ = 2
∑

k,l

(λk − λl)
2

λk + λl
|〈l|Ĥ|k〉|2. (3)

For pure input states this reduces to FQ = 4〈(∆Ĥ)2〉
[23].

In general linear two-mode interferometers and input
states of N particles, Ĥ is given by a collective spin op-

erator Ĵ~n = ~n · ~̂J , where Ĵi = 1
2

∑N
k=1 σ

(k)
i and σ

(k)
i is

the i-th Pauli matrix acting on particle k. The operators
Ĵx, Ĵy, and Ĵz fulfil the commutation relations of spin.

We will use the symmetric eigenstates |j, µ〉 of Ĵz , where
j = N

2 and µ = −N
2 ,−N

2 +1, ..., N2 , and the eigenstates of

σz defined by σz |l〉 = (−1)l|l〉, where l = 0, 1, where |0〉
and |1〉 are the two states that the interferometer works
with. As an example for a linear two-mode interferom-
eter we mention that the Mach-Zehnder interferometer
has the generator Ĥ = Ĵy [30].

For generators Ĵ~n, there is a direct connection be-
tween entanglement and sub shot-noise interferometry.
An entangled state of N particles cannot be written

as ρsep =
∑

j pj
⊗N

k=1 |ψ
(k)
j 〉〈ψ(k)

j |, where {pj} forms a

probability distribution [31]. It has been shown recently
that

FQ[ρsep, Ĵ~n] ≤ N (4)

holds [3, 4]. Therefore, the phase uncertainty is bounded
by the shot-noise limit

∆θest ≥
1√
mN

(5)

for separable states.
The purpose of this manuscript is to derive similar

bounds for multipartite entanglement classes. We con-
sider the following classification of multiparticle entan-
glement from Ref. [32] (see [11, 33] for alternative classi-
fications): a pure state of N particles is k-partite entan-
gled if there are at most groups of k particles which are

fully entangled within the state. We denote such a state
as |ψk−ent〉. This is producible by interactions between k
particles at most. A mixed state is k-partite entangled
if it can be written as a mixture of k-partite entangled
pure states, i.e., ρk−ent =

∑

k pk|ψk−ent〉〈ψk−ent|. A sep-
arable state is 1-partite entangled in this notation. Note
that a decomposition of a k < N -partite entangled state
of N particles may contain states where different sets of
particles are entangled. Let us illustrate this by consid-
ering N = 3. A state |ψ1−ent〉 = |φ〉1⊗|ϕ〉2⊗|χ〉3 is fully
separable, a state |ψ2−ent〉 = |φ〉12 ⊗ |χ〉3 which cannot
be written as |ψ1−ent〉 is 2-partite entangled, and a state
|ψ3−ent〉 which cannot be written as a 2-partite entangled
state is 3-partite entangled.

III. CRITERIA FOR MULTIPARTITE

ENTANGLEMENT FROM THE QUANTUM

FISHER INFORMATION

Now we are in a position to derive the desired bounds.
We start by deriving bounds on the quantum Fisher in-
formation FQ[ρk−ent; Ĵ~n] for k-partite entangled states
and an arbitrary direction ~n. Then, we derive bounds
on the quantum Fisher information for a generator Ĵ~n,
averaged over all directions ~n. At the end of this section,
we show for k = 1 and k = N − 1 the sets of states that
the two criteria detect are different and not contained in
each other.

A. Criteria from FQ

We directly present the result, the derivation follows
afterwards.
Observation 1 (Fk+1

Q criterion). For k-partite entan-
gled states and a linear two-mode interferometer with a
generator Ĵ~n of an arbitrary direction ~n, the quantum
Fisher information is bounded by

FQ[ρk−ent; Ĵ~n] ≤ sk2 + r2, (6)

where s = bNk c is the largest integer smaller than or equal

to N
k and r = N −sk. Hence a violation of the bound (6)

proves (k + 1)-partite entanglement.
Proof. The basic ingredients of the derivations are

the following: (i) The sets of states introduced above
are convex. (ii) The Fisher information is convex in
the states, i.e., for the generators we consider, F [pρ1 +

(1 − p)ρ2; Ĵ~n] ≤ pF [ρ1; Ĵ~n] + (1 − p)F [ρ2; Ĵ~n] for p ∈
[0, 1] [34]. Since the quantum Fisher information is
equal to the Fisher information for a particular mea-
surement, this holds also for FQ. It follows that the
maximum of FQ for a fixed ~n and k-partite entangled
mixed states is reached on the pure k-partite entan-
gled states. In this case, FQ[|ψ〉; Ĵ~n] = 4〈(∆Ĵ~n)2〉|ψ〉
as mentioned above. (iii) It is easy to see that for a

product state |φA〉 ⊗ |χ〉B, 4〈(∆[Ĵ~n]AB)2〉|φ〉A⊗|χ〉B =
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4〈(∆[Ĵ~n]A)2〉|φ〉A + 4〈(∆[Ĵ~n]B)2〉|χ〉B . Here [Ĵ~n]AB acts

on all the particles while [Ĵ~n]A acts on the particles of

|ψ〉A only and in analogy for [Ĵ~n]B. (iv) For a state

with N particles, 4〈(∆Ĵ~n)2〉 ≤ N2 holds [3]. The in-
equality is saturated uniquely by the state |GHZ〉 =
1√
2
(|0〉⊗N + |1〉⊗N), known as the GHZ [35] or NOON

[36] state.

Let us now consider the state |ψ〉 =
⊗M

j=1 |ψj〉, where

|ψj〉 is a state of Nj particles, and
∑

j Nj = N . If we
allow for at most k particles to be entangled, then Nj ≤
k. Since (N1+1)2+(N2−1)2 ≥ N2

1 +N2
2 if N1 ≥ N2, the

quantum Fisher information is increased by making the
Nj as large as possible. Hence the maximum is reached

by choosing Nj = k for s = bNk c states, where bxc is the
largest integer smaller or equal to x, and by collecting
the remaining r = N − sk particles in the last state.
Therefore, for k-partite entangled states, the quantum
Fisher information is bounded by Eq. (6).

The bound can be saturated by a product of s GHZ
states of k particles and another GHZ state of r particles.
We point out that for k = 1 we recover the bound (4) for
separable states, while for k = N − 1, the bound is

FQ[ρ(N−1)−ent; Ĵ~n] ≤ (N − 1)2 + 1. (7)

These results could have been obtained directly by using
the Wigner-Yanase information I [37]. The bound (6)
has been derived previously for 4I in Ref. [10], and di-
rectly applies to the quantum Fisher information since
I is convex in the states and agrees with the Fisher in-
formation on pure states, F [|ψ〉; Ĵ~n] = 4I(|ψ〉, Ĵ~n). We
have presented the derivation here in order to emphasize
that the classification relies on GHZ states, and in or-
der to introduce concepts that we will also need in the
following.

For a fixed direction ~n, the criterion (6) has a clear
operational meaning, because if the bound is surpassed,
then the state contains (k+1)-partite entanglement, and
it will enable a better precision when used in the interfer-
ometer defined by Ĵ~n than all k-partite entangled states.
If used as a criterion for multiparticle entanglement, it is
therefore advantageous to optimize the direction ~n, which
can be done analytically as follows: the quantum Fisher
information can be written as [6]

F [ρ; Ĵ~n] = 4~nTΓC~n. (8)

The matrix ΓC is real and symmetric and has the entries

[ΓC ]ij =
1

2

∑

l,m

(λl − λm)2

λl + λm
〈l|Ĵi|m〉〈m|Ĵj |l〉, (9)

where the states |k〉 and the variables λk are de-
fined by the eigenvalue decomposition of the input
state, ρ=

∑

k λk|k〉〈k|. It follows that Fmax
Q [ρ] ≡

max~nFQ[ρ; Ĵ~n] = 4λmax(ΓC), where λmax(ΓC) is the
maximal eigenvalue of ΓC [6]. We will always use Fmax

Q [ρ]

in the following and refer to the bound (6) as F k+1
Q

criterion since it allows for the detection of (k + 1)-
entanglement via its violation.

B. Criteria from F̄Q

We will now derive similar bounds for the average
quantum Fisher information, which we define as

F̄Q[ρ] =
1

4π

∫

|~n|2=1

d3~n FQ[ρ; Ĵ~n]. (10)

The prefactor ensures normalization in the sense that
if F [ρ; Ĵ~n] = F [ρ; Ĵx] is independent of the direction ~n,

then F̄Q = F [ρ; Ĵx]. The quantity F̄Q has the follow-
ing meaning: suppose that an experiment implements an
interferometer with a fixed phase shift θ, but with no
control over the axis ~n of rotation, such that in each run
of the experiment, the interferometer operation is given
by exp[−iĴ~nθ], with a random direction ~n. If all direc-
tions appear with equal probability, and for m� 1 inde-
pendent repetitions of the experiment, the corresponding
quantum Fisher information would be given m F̄Q.

The average can be written as F̄Q =
1
π

∑

i,j [ΓC ]i,j
∫

|~n|2=1
d3~n ninj . Evaluating the inte-

grals leads to

F̄Q =
4

3
Tr[ΓC ] =

1

3

(

FQ[ρ; Ĵx] + FQ[ρ; Ĵy] + FQ[ρ; Ĵz]
)

.

(11)
We would like to determine bounds on F̄Q for k-partite
entangled states in analogy to the bounds that we found
for FQ. Again, we directly state the results and derive
them afterwards.
Observation 2 (F̄k+1

Q criteria). For k-partite entan-
gled states and a linear two-mode interferometer with a
generator Ĵ~n with an arbitrary direction ~n, the average
quantum Fisher information is bounded by

F̄Q[ρk−ent] ≤
1

3
[s(k2 + 2k − δk,1) + r2 + 2r − δr,1], (12)

where s = bNk c and r = N − sk. Hence a violation
of the bound (12) proves (k + 1)-partite entanglement.
For separable states, corresponding to k = 1, the bound
becomes

F̄Q[ρsep] ≤ 2

3
N. (13)

The maximal value for any quantum state is given by

F̄Q ≤ 1

3
[N2 + 2N ]. (14)

Proof. Let us first prove Eq. (14). Since F̄Q can
be written as the sum of three quantum Fisher infor-
mations, it is also convex in the states. Therefore,
the maximum is again reached for pure states. Hence
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F̄ ≤ 4
3 max|ψ〉[〈 ~̂J2〉|ψ〉−〈 ~̂J〉2|ψ〉] ≤ 4

3j(j+1). This leads to

Eq. (14) since j = N
2 . The last inequality follows because

〈 ~̂J〉2|ψ〉 ≥ 0 and

〈 ~̂J2〉|ψ〉 ≤ j(j + 1) (15)

holds in general, while equality is reached by the sym-
metric states of N particles.

For the state |ψ〉 =
⊗M

j=1 |ψj〉 introduced in the proof
of Observation 1, the average quantum Fisher informa-

tion is given by F̄Q = 4
3

∑M
j=1[〈 ~̂J2

j 〉|ψj〉 − 〈 ~̂Jj〉2|ψj〉] ≤
1
3

∑M
j=1[N2

j + 2Nj − 4〈 ~̂Jj〉2|ψj〉], where
~̂
Jj is the vector of

collective spin operators acting on the particles contained
in state |ψj〉. The inequality is due to Eq. (15). In the
same way as it was for FQ, it is advantageous to increase
the Nj as much as possible. This is true even though

if Nj = 1 then F̄Q is reduced by 1
3 since 〈 ~̂J〉2|ψj〉 = 1

4

in this case. For k ∈ [1, N ], we obtain the bound (12),
where s = bNk c and r = N − sk as above, and we obtain
Eq. (13) for k = 1.

If a state violates the bound (12), then it is (k + 1)-

entangled. Therefore, we refer to this bound as F̄ k+1
Q

criterion. Let us note that the bound for k = N − 1 is

F̄Q[ρ(N−1)−ent] ≤
1

3
[N2 + 1]. (16)

C. FQ criteria vs. F̄Q criteria

Since both the F k+1
Q criteria and the F̄ k+1

Q criteria
seem to be very much related, it is natural to ask whether
or not one set of criteria is stronger than the other. We
examine this question for k = 1 and k = N−1 only, since
the other possible values of k depend on N . The result
is as follows.
Observation 3. For k = 1 and k = N−1, the F k+1

Q cri-

teria and the F̄ k+1
Q criteria detect different sets of states

which are not contained in each other.
In order to prove this, we consider states of the form

ρ(p) = p|ψ〉〈ψ| + (1 − p)
 

2N
, (17)

mixtures of a pure state and the totally mixed state. It
can be shown directly from Eq. (9) that

ΓC [ρ(p)] = γp,NΓC [|ψ〉], γp,N =
p22N−1

p(2N−1 − 1) + 1
(18)

holds. Let us first consider the case k = N − 1. The
criteria (7) and (16) can be rewritten as γp,N ≤ α

(1,2)
N ,

where α
(1)
N = [(N − 1)2 + 1]/Fmax

Q [|ψ〉] and α
(2)
N =

[N2 + 1]/4Tr(ΓC [|ψ〉]), respectively. In order to violate

the criteria,

p > α
(1,2)
N

1 − 21−N

2

[

1 +

√

1 +
1

α
(1,2)
N

23−N

(1 − 21−N)2

]

.

(19)
This function is strictly monotonically increasing with

α
(1,2)
N . If, for instance, α

(1)
N < α

(2)
N , then the FNQ criterion

detects the states as multipartite entangled already for a
smaller value of p than the F̄NQ criterion. Therefore, we
can prove the claim by comparing the α coefficients for
different states |ψ〉.

We employ the GHZ state introduced above and the
twin-Fock state |TFN 〉 = |N2 , 0〉 with an equal number
of particles in both states [38], which is well known to
provide sub shot-noise phase sensitivity [38–40]. For the
GHZ states, the eigenvalues of 4ΓC are N2, N , and N ,

while for the twin-Fock states, the eigenvalue are N2

2 +
N appears twice, and the third eigenvalue vanishes [6].
While the GHZ state achieves the highest value of the
Fisher information possible for ~n = ẑ, where ẑ is the unit
vector pointing in the z-direction, it is shot-noise limited
for any direction in the x − y plane [6]. In contrast,
the twin-Fock state surpasses the shot-noise limit for any
direction in the x − y-plane, and does not provide any
information on the phase when the z-direction is used
[6, 41, 42]. We obtain Fmax

Q = N2 and F̄Q = N2 +

2N for the GHZ state and Fmax
Q = N2

2 + N , and F̄Q =

N2 + 2N for the twin-Fock state. Inserting these values

into α
(1,2)
N , we directly see that α

(1)
N (GHZ) < α

(2)
N (GHZ)

while α
(1)
N (TF) > α

(2)
N (TF). This proves the claim for

k = N − 1.

We can apply the same reasoning to the case k = 1,

where we have to adapt α
(1)
N → β(1) = N/Fmax

Q [|ψ〉] and

α
(2)
N → β(2) = N/2Tr(ΓC [|ψ〉]). For the GHZ state, we

obtain as before that β(1)(GHZ) < β(2)(GHZ) while for
the twin-Fock state β(1)(TF) = β(2)(TF) holds. How-
ever, we can construct an example where the F̄ 2

Q cri-

terion is stronger. We observe that β(1) > β(2) ⇔
2Tr(ΓC [|ψ〉]) > Fmax

Q [|ψ〉]. An interesting class of states
which fulfills this condition is defined by 4ΓC = cN .
These states have the same value FQ = cN = F̄Q for
any direction ~n. One way of constructing such states is
by considering a symmetric state |ψ〉 =

∑

k αk|j,mk〉,
and by choosing the αk and mk such that 〈 ~̂J〉 = 0 and

〈Ĵ2
x〉 = 〈Ĵ2

y 〉 = 〈Ĵ2
z 〉. The condition |mk − m′

k| > 2 for

all k and k′ can be used to ensure 〈Ĵx〉 = 〈Ĵy〉 = 0.

We just mention the example
√

1
3 |2, 2〉 +

√

2
3 |2,−1〉 for

N = 4, with ΓC = 2 , and hence Fmax
Q = F̄Q = 8. This

concludes the proof of our claim.

The last example is interesting because it shows that
there are states that cannot beat the shot-noise limit for
a fixed direction ~n, but that perform better than a sep-
arable state on average. We consider various interesting
states in the following section.
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Criterion detected 2-ent. [%] detected 3-ent. [%]
F 2

Q 94.32 -
F̄ 2

Q 98.38 -
W - 18.99
DME - 80.63
DME’ - 82.61
F 3

Q - 22.93
F̄ 3

Q - 27.99

TABLE I: Percentage of detected 2-partite and 3-partite en-
tangled pure three-qubit states. See text for details. DME’
the whole family of DME conditions, which is obtained by
permuting the qubits of the state.

IV. EXAMPLES

A. Pure states of 3 particles

In order to get an impression of the strength of the
criteria, we randomly choose a three-qubit state |ψ〉 and
analyze it using various criteria. First, we evaluate the
criteria F 2

Q and F̄ 2
Q which detect entanglement. Fur-

ther, we compare several criteria detecting multiparti-
cle entanglement: (i) the entanglement witness W =
1
2 −|GHZ〉〈GHZ|, which has a positive expectation value
for all 2-partite entangled states [43], (ii) the density ma-
trix element condition (DME) which states that

|ρ18| ≤
√
ρ22ρ77 +

√
ρ33ρ66 +

√
ρ44ρ55 (20)

for all 2-entangled states (ρij denote coefficients of a
given density matrix ρ = |ψ〉〈ψ|) [44], and (iii) the mul-
tipartite criteria F 3

Q and F̄ 3
Q.

To generate a random pure state [45], we take a vector
of a random unitary matrix distributed according to the
Haar measure on U(8):

|ψ〉 = (cosα7, cosα6 sinα7e
iφ7 , cosα5 sinα6 sinα7e

iφ6 ,

. . . , sinα1 · · · sinα7e
iφ1), (21)

where αi ∈ [0, π/2] and φk = [0, 2π). The parame-
ters are drawn with the probability densities: P (αi) =
i sin(2αi)(sinαi)

2i−2 and P (φi) = 1/2π. The calcula-
tions were performed for a set of 106 states. The results
are presented in Tab. I. The averaged criteria seem to
detect more states in general. It is surprising that the
witness condition detects nearly as many states as the
criteria F 3

Q and F̄ 3
Q.

B. GHZ-diagonal states

The DME criterion (20) and the criteria obtained
thereof by permutations of the qubits completely charac-
terize the GHZ-diagonal states of three qubits [21], which

Criterion detected DME [%] detected DME’ [%]
W 50.56 12.27
F 3

Q 19.45 4.77
F̄ 3

Q 13.14 3.25

TABLE II: Percentage of 3-partite entangled states which are
detected by the entanglement witness, the criterion F 3

Q and

the crition F̄ 3

Q. In the middle column, only states violating
the DME condition (20) have been generated, while in the
last column, also states violating any of the other DME con-
ditions obtained by permutations of the particles have been
generated.

can be written as

1

N























λ1 0 0 0 0 0 0 µ1

0 λ2 0 0 0 0 µ2 0
0 0 λ3 0 0 µ3 0 0
0 0 0 λ4 µ4 0 0 0
0 0 0 µ4 λ5 0 0 0
0 0 µ3 0 0 λ6 0 0
0 µ2 0 0 0 0 λ7 0
µ1 0 0 0 0 0 0 λ8























(22)

with real coefficients λi and µi, where N is a normaliza-
tion factor. If λi = λ9−i for i = 5, 6, 7, 8, then these states
are diagonal in the GHZ-basis |ψ±

kl〉 = 1√
2
(|0kl〉 ± |1k̄l̄〉),

where k and l are equal to 0 or 1, and 1̄ = 0 and 0̄ = 1.
We generated 106 random states of this form violating
Eq. (20) directly, which states |µ1| ≤ λ2 + λ3 + λ4 in
this case. The results are shown in Tab. II in the middle
column. Then, we generated again 106 states violating
Eq. (20) or its other forms obtained by permuting the
qubits. The results are shown in the right column of
Tab. II. The witness criterion detects significantly more
states than the criteria based on the Fisher information.
Contrary to the case of pure states, the F 3

Q criterion de-

tects more states than F̄ 3
Q in this case. Note that the

percentage of detected states reduces significantly for all
criteria in the DME’ case. The reason is that all criteria
work best for the symmetric GHZ state, which has the
highest weight in the state if only condition (20) is used
[21].

The family of states (22) also comprises bound en-
tangled states if λ1 = λ8 = µ1 = 1 and λ7 = 1/λ2,
λ6 = 1/λ3, λ5 = 1/λ4, and µ2 = µ3 = µ4 = 0, as long as
λ2λ3 6= λ4. Then the states have a positive partial trans-
pose (PPT) [46] for any bipartition of the three particles
while still being entangled [33]. It follows that the state
cannot be distilled to a GHZ state [11, 47]. We gener-
ated again 106 random states of these class and applied
F 2
Q and F̄ 2

Q, but neither criterion detected any of these

states. However, we will see presently that F̄Q is in fact
able to detect bound entanglement.
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C. Detecting bound entangled states

We consider two families of states where the state has
a PPT with respect to some bipartitions, but not with
respect to others. Due to the PPT bipartitions it is not
possible to distill these states to a GHZ state nontheless
[11].

1. Dür state

Interestingly, the F̄ 2
Q criterion (13) can reveal entan-

glement of a bound entangled state introduced by Dür
[48]:

ρN =
1

N + 1

(

|φ〉〈φ| +
1

2

N
∑

k=1

(Pk + P̄k)

)

, (23)

with |φ〉 = 1√
2

[

|0〉1...|0〉N + eiϕN |1〉1...|1〉N
]

(ϕN is an

arbitrary phase), and Pk being a projector on the state
|0〉1...|1〉k...|0〉N with “1” on the kth position (P̄k is ob-
tained from Pk after replacing “0” by “1” and vice versa).
As an example, let us consider cases for N = 4, 6 and 8.
The corresponding values of FQ are equal to 136/45 ≈
3.02, 104/21 ≈ 4.95 and 560/81 ≈ 6.91, whereas the
bounds for entanglement are equal to 8/3 ≈ 2.67, 4 and
16/3 ≈ 5.33, respectively. In the three cases we prove
entanglement of the state ρN . However, note that in all
cases the F 2

Q criterion does not detect the entanglement.
Hence the state is not useful for sub shot-noise interfer-
ometry for any direction ~n, even though it is more useful
than separable states on average over all directions.

2. Generalized Smolin state

As a second example, consider the generalized Smolin
state [49]:

ρN =
1

2N

(

11⊗N + (−1)N/2
3
∑

i=1

σ⊗N
i

)

. (24)

Similarly as above, take the cases of four, six and eight
qubits. For these states, the average quantum Fisher
information FQ is equal to 4,6 and 8, respectively. The
corresponding bounds for entanglement are 8/3 ≈ 2.67, 4
and 16/3 ≈ 5.33 are violated. Again, F 2

Q does not detect
the entanglement of the states.

V. RELATION TO SPIN SQUEEZING

INEQUALITIES

A. Spin squeezing parameter and multiparticle

entanglement

Let us now compare the criteria based on FQ and F̄Q
to spin squeezing criteria. Introducing two orthogonal

unit vectors ~n1 and ~n2, then the so-called spin-squeezing
parameter ξ can be defined as [24]

ξ2 =
N |〈Ĵ〉~n1

|2
〈(∆Ĵ~n2

)2〉
. (25)

If ξ < 1, the corresponding state is useful for sub shot-
noise interferometry [24] and entangled, since ξ2 ≥ 1
holds for all separable states [25]. This also follows di-
rectly from the following inequality

FQ[ρ; Ĵ~n3
] ≥ N

ξ2
, (26)

where ~n3 is a unit vector orthogonal to ~n1 and ~n2 (the
vectors may form a right- or left-handed coordinate sys-
tem) [50].

¿From Eq. (26) it also follows that the F 2
Q criterion de-

tects all states that the spin-squeezing criterion detects.
In fact, it detects more states. For instance, all states

with 〈 ~̂J〉 = 0, such as the twin Fock state, are not spin
squeezed. Nevertheless, the twin Fock state is entangled
and useful for sub shot-noise interferometry.

Similarly, bounds on multiparticle entanglement for ξ
have been derived as follows [26]. First, the authors re-
gard a single spin-j particle, and compute

fj(〈Ĵz〉) = min
ρ

〈(∆Ĵx)2〉
∣

∣

∣

〈Ĵz〉ρ=〈Ĵz〉
, (27)

where the minimization is performed over all states ρ
of the spin-j particle which fulfil 〈Ĵz〉ρ = 〈Ĵz〉. It is
then shown that for separable states of s spin-j particles,

ρsep =
∑

k pk ⊗sl=1 |ψ
(l)
k 〉〈ψ(l)

k |, where |ψ(l)
k 〉 is a state of a

spin-j particle, the inequality

〈(∆Ĵx)2〉 ≥ sfj

( 〈Ĵz〉
s

)

(28)

holds. If the spin-j particles are composed of k spin- 12
particles, then this condition is fulfilled by all k-particle
entangled states, and a violation proves the presence of
(k + 1)-particle entanglement. Note that this criterion
assumes that in the decomposition of the separable states
each state is separable with respect to the same partition
and that N = sk holds. Both assumptions can be relaxed
[51].

Due to Eq. (26), we obtain that for fixed 〈Ĵz〉, and for
~n1 = ẑ, ~n2 = x̂, and ~n3 = ŷ, the bounds

N

ξ2
≤ |〈Ĵz〉|2

〈(∆Ĵx)2ρ∗
k−ent

〉
≤ FQ[ρ∗k−ent; Ĵy]

≤ max
ρ
FQ[ρ; Ĵy]〈Ĵz〉ρ=〈Ĵz〉 ≤ nk2 + r2, (29)

where ρ∗k−ent is a k-partite entangled state that minimizes

〈(∆Ĵx)2〉 for a given 〈Ĵz〉. The third inequality might be
strict due to the limitations of the spin squeezing inequal-
ities, which do not recognize the usefulness of states with
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〈 ~̂J〉 = 0, as mentioned above. The last inequality is due
to Eq. (6), which bounds the maximal quantum Fisher
for any k-partite entangled state, not restricted to the
subspace with fixed 〈Ĵz〉.

Note that the condition (28) may recognize a state as

(k+1)-partite entangled that is not detected by the F k+1
Q

criterion (6). This kind of (k + 1)-entanglement is then
not more useful for interferometry than k-partite entan-
glement. This happens precisely when some of the in-
equalities are strict.

B. Relation of F̄Q and a generalized spin squeezing

criterion

Finally, let us point out a connection to a different
criterion which detects entanglement, but is not directly
related to interferometry. The so-called generalized spin
squeezing criteria are entanglement criteria based only
on first and second moments of collective operators Ĵ~n
[52, 53]. In particular, for all general mixed separable
states the following inequality holds [54]

4[(∆Ĵx)2 + (∆Ĵy)2 + (∆Ĵz)
2] ≥ 2N. (30)

For pure states, the left hand side equals 3F̄ , and there-
fore, this bound is complementary to the bound (13).
However, for pure states, equality holds in both Eq. (30)
and Eq. (13), and no contradiction arises.

VI. CONCLUSIONS AND OUTLOOK

We have introduced criteria based on the quantum
Fisher information for the detection of entangled states

of different multipartite entanglement classes. Addition-
ally, we showed that the quantum Fisher information av-
eraged over all directions on the Bloch sphere is a suit-
able alternative to detect multipartite entanglement. We
considered several examples, showing in particular that
the average quantum Fisher information can be used to
detect bound entangled states. It remains an interesting
open question whether or not there exist bound entangled
states which are detected by the quantum Fisher infor-
mation, since this would imply that such states could be
used for sub shot-noise interferometry. We also pointed
out the relation of the bounds we derived for the quan-
tum Fisher information to bounds on the spin squeezing
parameter for multipartite entanglement classes derived
by Sørensen and Mølmer [26].
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sions. We acknowledge support of the EU program Q-
ESSENCE (Contract No.248095), the DFG-Cluster of
Excellence MAP, and of the EU project QAP. W.L. is
supported by the MNiSW Grant no. N202 208538 and by
the Foundation for Polish Science (KOLUMB program).
The collaboration is a part of a DAAD/MNiSWprogram.
W.W. and C.S. acknowledge support by QCCC of the
Elite Network of Bavaria.

Note added: Independently from our work, a paper on
the relationship between multipartite entanglement and
Fisher information is under preparation [55].

[1] M. A. Nielsen and I. L. Chuang, Quantum Computation

and Quantum Information (Cambridge University Press,
2000).

[2] V. Giovannetti, S. Lloyd, and L. Maccone, Science 306,
1330 (2004).

[3] V. Giovannetti, S. Lloyd, and L. Maccone, Phys. Rev.
Lett. 96, 010401 (2006).

[4] L. Pezzé and A. Smerzi, Phys. Rev. Lett. 102, 100401
(2009).

[5] The connection between shot-noise limit and separability
for a non-fixed number of particles has been discussed in
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